Process models specified by non-linear dynamic differential equations contain many parameters, which often must be inferred from a limited amount of data. We discuss a hierarchical Bayesian approach combining data from multiple related experiments in a meaningful way, which permits more powerful inference than treating each experiment as independent. The approach is illustrated with a simulation study and example data from experiments replicating aspects of the human gut microbial ecosystem. A predictive model is obtained that contains prediction uncertainty caused by uncertainty in the parameters, and we extend the model to capture situations of interest that cannot easily be studied experimentally.
Introduction
Many biological and physical systems can in theory be described by a well understood process, but the process cannot be used directly in practical inference because parameters are inaccessible for direct measurement. A 'reductionist' strategy for inference (Levi-Montalcini and Calissano, 2006) by measuring each parameter in a separate experiment is often not feasible and ignores interactions between parameters.
We consider parameter inference for a non-linear differential equation model describing multiple experiments simultaneously. We will use a hierarchical Bayesian approach as it allows for combining data from different sources whilst accounting for differences between them. Previous Bayesian approaches to differential equation models include pharmacokinetic models (Gelman et al., 1996; Wakefield, 1996; Lunn and Aarons, 1997; Mezzetti et al., 2003) , and Human Immunodeficiency Virus (HIV) modelling (Putter et al., 2002; Banks et al., 2005; Huang et al., 2006) . These describe how a potentially large number of individuals are described by the same process but with different parameters. Our methodology aims to relate parameters between experiments that are limited in data. Parts of the underlying processes are assumed identical across experiments, whilst other aspects of the underlying processes are allowed to vary. Useful inference requires both knowledge of the process and a statistical model to relate the experimental data. Model parameters are not uniquely identifiable for each experiment individually but when multiple experiments are linked using a hierarchical statistical model, they can be identified.
We apply this approach to an ecological microbiology model with which we ultimately wish to understand and control bacterial populations inside the human gut. These are generally inaccessible for direct measurement. The gut has strong spatial structure, many nutrients are absorbed into the gut wall and 1 are therefore unavailable to bacteria, and flow rates are strongly time dependent (Louis et al., 2007) . In contrast, the in-vitro experiments that provide our data are designed to have limited spatial structure, nonabsorbent walls and simple continuous flow. The parameterised biological model obtained from such studies, with quantified uncertainty, can then be used to predict how bacteria might behave under conditions that more closely resemble the human gut. Of specific interest to us is whether the bacterial dynamics change when absorption of nutrients and metabolic products is taken into account. This can not be investigated easily by experiments in vitro, but is straightforward to build into the statistical model which can then be used to predict how bacterial behaviour is influenced.
We will examine the qualitative benefits of a Bayesian approach using Markov-Chain Monte Carlo (MCMC) (Gamerman, 1997) techniques using simulated data, followed by experimental data. With limited data the posterior distribution is 'large' and complex meaning that MCMC algorithms converge very slowly. However, simultaneous inference restricts the posterior distribution size and simplifies its shape, making it feasible to explore the posterior parameter space. In Section 2 we discuss an ecological modelling problem for microbiology data to motivate the method. In Section 3 we define the statistical model, which we explore using a simulation study in Section 4. We then apply the method to the microbiology data in Section 5 before our concluding remarks in Section 6.
Ecological gut microbiology problem
A diverse range of microbes live in the human colon by fermenting nutrients (called substrates) that pass through our stomach without being digested. Two types of substrate are of interest to us: starch and non-starch polysaccharides (NSP). Starch is easily fermented by the bacteria, whereas NSP, consisting mainly of fibre, is harder to ferment. As a consequence, growth on starch is of the order 10 times faster than growth on NSP, and essentially all starch is used by the bacteria, whilst some NSP is not fermented and passes out of the colon in feces. Bacteria produce short-chain fatty acids (SCFA) as a by-product of fermentation. The majority of the SCFA will be absorbed by the human host, but can also be further processed by other bacterial types. SCFA concentrations are of primary concern for health, as each has unique health implications.
For simplicity, the colon can be divided into two main sections. The first section is closest to the stomach, hence plenty of starch and NSP are available to the bacteria allowing high fermentation rates and high acidity (pH of approximately 5.5). In the second section of the colon, closer to the rectum, starch supply is reduced although NSP supply may still be high. Fermentation activity is lower and the pH will tend more towards neutral (pH of approximately 6.5). Some bacteria are more tolerant of high acidity than others, and as a consequence bacterial composition will vary depending on local conditions. For more details, see e.g. Cummings (1997) .
Experimental system
The results of Walker et al. (2005) describe an experimental system using human fecal matter as a seed for a 'realistic' bacterial community, which is placed into a fermentor vessel and fed on a continuous supply of substrates with consistency chosen to represent many nutrients available in the human colon. For inference purposes, the substrates are combined into starch and NSP. This experimental set up represents a simplification of the human colon as characteristics such as spatial structure, absorption of nutrients and products, and fluctuations in flow, are not considered. A stirring mechanism ensures that the contents of the vessel are well-mixed, and the material that leaves the fermentor via an overflow outlet is therefore assumed to be representative of the vessel contents. The bacteria and SCFA are measured from samples taken from the outlet. Substrate input is known but is not measured in the output. The pH in the vessel is controlled by the operator and is held constant at either pH 5.5 (representing the first section of the colon) or pH 6.5 (representing the later section of the colon). Details of how our data were extracted from (Walker et al., 2005) are given in Web Appendix A.
Mathematical model
Modelling approaches for microbial systems range from simple differential equation models (Wilkinson, 1998; Coleman et al., 1996) to spatially explicit individual based simulations (Kreft et al., 1998; Beretta and Kuang, 2000) . As the simplest relevant model, we use a differential equation model for bacterial growth and competition at the level of functional groups. Our mathematical model is an abstraction of the commonly used experimental fermentor system described in Section 2.1. We consider a single wellmixed compartment, although extension to multiple compartments is trivial. The input contains substrates which are converted to bacterial mass, waste, and a number of SCFA. Some bacterial strains are capable of gaining extra energy from SCFA. Examples are shown in Fig. 1 , which are used in Sections 4 and 5.
Bacteria belonging to group i are associated with a substrate j at concentration B ij (t), and we observe the total concentration B i (t) = j B ij (t). It is assumed that bacterial groups are well mixed between substrates j, such that B ij is proportional to the concentrations S j (t). Growth is modelled using Michaelis-Menten kinetics (Wilkinson, 1998) , such that substrate must be first captured by bacteria, and then processed at a finite rate. At high substrate levels, growth becomes limited to a maximum rate G S ij . At low substrate levels, growth rate is proportional to the amount of substrate according to
is the Michaelis-Menten factor defining the substrate level for which the growth rate is half the maximum. For every unit of bacterial growth on substrate, an amount E S ij of substrate is used; this is therefore an 'inefficiency' of conversion.
SCFA of type k is produced by some strains of bacteria at a rate O ik for every unit of bacterial growth. Some bacteria can utilise SCFA, and this is modelled according to Michaelis-Menten dynamics with maximum rate G A ik (referred to as utilisation of SCFA) and Michaelis-Menten factor K A i . The growth on SCFA is proportional to the growth already achieved on substrate, and occurs at inefficiency E A ik . In models of the human gut, SCFA k is absorbed at a rate R k A k (t), but experimental fermentors have R k = 0. Flow through the vessel (or compartment) occurs at a specified and known rate F (t) = F . Substrate j and SCFA k flow into the fermentor at known rates of F S 0 j and F A 0 k respectively. Bacteria i, Substrate j and SCFA k leave the fermentor at a rate of F B i (t), F S j (t) and F A k (t) respectively.
The initial values of the system are known making this an initial value problem. Our assumptions directly relate to the widely used fermentor experimental setup, and are in accord with those frequently made in bacterial gut modelling. Other possible bacterial behaviours are reviewed by Wilkinson (1998) . Web Appendix B contains a table of used terms. This leads to the following system of equations:
with the intermediate variables:
Inference goals
The human gut is not understood well enough to usefully define a process model for which we can fully infer the parameters. Additionally, no non-trivial single fermentor experiment has uniquely identifiable parameters. Models can be parameterised either by using strong prior information or using data from multiple experiments. In the experiments we can exactly choose and measure the flow rate F , the input substrate S 0 j , the input SCFA A 0 k and the host absorption rate R k (which is zero). These parameters are highly uncertain in the human colon, which additionally has spatial structure and non-continuous flow.
The experiments we consider were run at two pH levels, which were chosen to reflect the acidity of the two main compartments of the human colon. For some bacterial groups, the growth rates G As a first, tentative, step towards developing a more realistic model of the gut, we will use the inferred parameter distributions to investigate how absorption of SCFA affects the bacterial populations and SCFA concentrations.
Methodology
Consider a system of M related experiments indexed by a = 1 . . . M . Observations y abc are made at time points t abc (with c = 1 . . . m ab indexing the m ab observations of variable b in experiment a). The vector θ a contains the p a unknown parameters for experiment a.
The statistical model is specified in three hierarchical levels. The bottom level describes the observations, which are modelled as
where f a (.) is defined by Equations 1-7 parameterised for experiment a. The second level of the hierarchy describes the experiment-specific parameter vector θ a which follows a normal distribution with mean µ (length p) and between-experiment variance Σ (p × p matrix), modelled as
The 'mapping matrix' X a is a p a ×p matrix, with element (X a ) ij defined as 1 if element i of θ a corresponds to element j of µ, and zero otherwise (hence each row of X a will contain exactly one 1). Pre-and postmultiplication of Σ by X a ensures that the appropriate elements of Σ are selected. Web Appendix C shows an example of constructing this matrix.
The top level of the hierarchy describes the prior distribution for µ, specified independently for each element d as a Normal prior: Let Θ denote all parameters, i.e. Θ = {µ, θ 1 . . . θ M }. The posterior distribution is then given as
As the number of data sets available for estimation of the biological parameters of interest is limited, we treat the within-study variance σ 2 and between-study variance Σ as known.
Posterior evaluation
A Metropolis-Hastings MCMC sampling (Gamerman, 1997) algorithm is used to evaluate the posterior. A random subset of elements of Θ, denoted by Θ {s} , is chosen where each individual element of Θ has probability p e = 0.1 to be included in the subset. The subset is updated as follows:
where δ is a pre-defined matrix reflecting the 'step size' for each of the elements of Θ (we use a diagonal matrix in practice). Let Θ denote Θ with subset {s} replaced by Θ {s} . The probability of accepting Θ is based on the usual Metropolis-Hastings ratio given by min 1,
p(Θ|y) with p(Θ|y) given in Equation 9. As usual in MCMC, we discard an initial 'burn-in' portion of the chain before evaluating the posterior density. Web Appendix D gives the hyperparameters used and Web Appendix E fully specifies the algorithm. Convergence is assessed by examining the potential scale reduction factor R (Gelman and Rubin, 1992) or effective sample sizes accounting for autocorrelation, calculated with the 'CODA' package (Plummer et al., 2008) for R (R Development Core Team, 2008) . We refer to a chain as 'converged' if for all parameters the effective sample size is greater than 100 and (for the inference on experimental data only) R < 1.4 and the 97.5% quantile for R is less than 2.
To address concerns of poor mixing in the low posterior regions, and to perform a limited sensitivity analysis, we additionally consider maximum a-posteriori (MAP) estimates obtained by numerically maximising the posterior starting from multiple random point samples from the prior distribution as described in Web Appendix D.
Simulation studies
The simulation studies are based around the fermentor system described in Section 2.2 and aim to reflect data collection as observed in practice. We start with a simple model (Section 4.1) and extend it to a more complex model structure (Section 4.2).
Inference for one bacterial type
We first simulate data a typical dataset from a fermentor system for the simplest possible scenario. It is assumed that a single type of substrate (starch) is consumed by a single bacterial strain (nominally Bacteroides, or 'Bac') producing a single SCFA type (Acetate) as is shown in Figure 1 (left). Two fermentor experiments are simulated: Experiment 1 in an acidic environment (pH 5.5) and Experiment 2 in an acid neutral (pH 6.5) environment. All model parameters are assumed to be the same for both pH values, except for the maximum growth rate, which at pH 5.5 is set at 1/10th that of acid neutral environment. The simulated data, shown in Web Figure 1 , (details given in Web Appendix F) consist of the concentration of bacteria and SCFA measured once every 20 hours, for 7 time points. Furthermore, it is assumed that the starch input is known. We will refer to these two experiments as Study 1. Based on the (simulated) measurements of SCFA and bacteria we attempt to infer the Michaelis-Menten factor, the SCFA production rate, the inefficiency of growth, and the maximum growth rate in the low acidity environment. The maximum growth rate in the acid neutral environment is assumed known, as is the variation between (Σ) and within experiments (σ 2 ).
Two inference scenarios, outlined in Table 1 , are considered for Study 1: in Scenario A we consider the simultaneous inference scheme as discussed above. In Scenario B, we first perform inference on the data from the acid neutral experiment alone, summarise the resulting posterior distribution as univariate means and standard deviations (ignoring correlations), and use these results as a prior for analysing the data from the acidic experiment. Figure 2 illustrates the posterior probabilities of each after 100000 MCMC iterations for Scenario A, and 100000 iterations for each stage in Scenario B. Scenario A allows for strong inference on all parameters, and the chain has converged. However, under Scenario B, the chain converges very poorly (at both stages), resulting in incorrect inference due to the inefficiency of our algorithm to explore the flat posterior mode. This flatness can be understood using the discussion on the Michaelis-Menten factor in Section 2.2. At neutral acidity (pH 6.5) the substrate level is low so that the maximum growth rate is confounded with the Michaelis-Menten factor. At high acidity (pH 5.5) the substrate level is high and the Michaelis-Menten factor does not have much effect on growth rates. For each pH level a wide range of parameter combinations leads to an (approximately) constant likelihood, and only when the data from each of the two pH levels are combined in Scenario A can the Michaelis-Menten factor be estimated. The information gained from each experiment individually is insufficient for standard inference procedures but parameter estimates are extractable via hierarchical modelling.
We also investigated the effect of Σ on the posterior distribution as all parameters simultaneously covary. Web Appendix F shows that there is little difference between parameters inferred with perfect correlation and those inferred with small Σ. As Σ increases above 0.5, the Michaelis-Menten factor in Experiment 1 and the inefficiency in Experiment 2 become increasingly less certain and harder to identify.
Inference for two bacterial types
To investigate how the method relates to differing data qualities, we apply it to a more realistic problem as outlined in Figure 1 (middle). Two bacterial types compete for a single substrate (starch) and two SCFA types (Acetate and Butyrate) are produced. As in Study 1, the Bacteroides bacterial type consumes only substrate to produce Acetate. The second type (nominally Roseburia rectalis, or 'Rrec') consumes starch and is a producer of Butyrate. Furthermore, it achieves additional growth from consuming Acetate. Experiment 3 is performed at pH 5.5 and experiment 4 is performed at pH 6.5, i.e. the same pH values as in Study 1. These two experiments are referred to as Study 2, and the simulated data points and general behaviour of this model are shown in Web Figure 2 . Four inference scenarios, summarised in Table 1 , are considered. In Scenario C a strong prior for inferred values (Normal with correct mean and standard deviation of 0.1 of the mean) is used to infer for Study 2. The other scenarios attempt to manage with a uniform prior on parameters. In Scenario D simultaneous inference is performed on the simulated data (consisting of substrate, SCFA and bacterial counts) from both Study 1 and 2. In Scenario E we do not measure substrate output as this is not commonly available. All were run for 200000 MCMC steps. The 10 parameters to be inferred are: Michaelis-Menten factor for growth of Bac on starch, Michaelis-Menten factor for Rrec for growth on starch and acetate (assumed the same), the growth rates on starch of both Bac and Rrec bacterial strains in the low pH environment, their inefficiencies on starch, Bac production of Acetate, Rrec production of Butyrate, Rrec inefficiency of Acetate usage and utilisation of Acetate (for extra growth of Rrec on SCFA).
Convergence of the MCMC chain is acceptable for Scenario C and D. Scenario E led to poor MCMC convergence with 5 parameters having effective sample sizes of less that 50 (minimum 11). We may therefore need 20 times (or more) the number of samples in this chain to achieve the same convergence as Scenario C. Figure 3 shows box-plots for each parameter under each Scenario. Scenarios C and D have roughly equivalent posterior distributions.
Examination of the posterior distribution shows that in Scenario E there is a lack of identifiability between the Rrec SCFA inefficiency (i.e. use of Acetate for additional growth) and Bac Acetate production.
Only scenarios C and D provide useful one-dimensional summaries for further analysis, indicating that it is necessary to assume a strong prior on parameter values or to use sufficiently diverse experimental conditions in order to avoid identifiability problems during inference.
Inference for microbiology data
Having demonstrated that despite limited data, our approach is capable of recovering posterior information on parameters of interest, we will now continue to analyse some real data of (Walker et al., 2005) analogously to Scenario C. These data were obtained from two experiments run under neutral (pH 6.5) or acidic (pH 5.5) conditions. Each fermentor received two substrates, namely starch and NSP. Bacterial growth is thought to be considerably slower on the less degradable NSP than on starch. In addition to Bac and Rrec, we will also consider a group of acetate producing bacteria, AcProd, that are thought to be more resistant to an acidic environment than the Bac group. The relationships between bacteria, substrates and SCFA are illustrated in Figure 1 (right). Our choice of bacterial and SCFA groupings provide a reasonable representation of the data, with approximately 75% of the total bacteria and total SCFA covered; see Table  3 of (Walker et al., 2005) .
Several parameters are thought to be influenced by pH or type of substrate, and need to be specified accordingly. There are now 29 parameters to be inferred in total, specified below (number of parameters in parentheses). Previous data indicate that Rrec grow just as well at high substrate levels at both pH levels considered, so we infer their maximum growth rate on starch and NSP as constant between experiments (2), and similarly for the inefficiency of starch and NSP usage (2). The 'AcProd' community is not well defined and so the specific bacteria involved might differ with acidity; they are parameterised by their growth rates (4) and efficiencies (4). Similarly the Bacteroides group are known a-priori to have different growth rates (4) and efficiencies (4). The remaining parameters are all constant between experiments: MichaelisMenten factors for growth on substrate (3), Rrec Michaelis-Menten factor for growth on acetate (1), Acetate production by Bacteroides and Acetate Producers (2), Acetate utilisation of Rrec and its efficiency (2), and Butyrate production of Rrec (1).
The prior distributions for these parameters are reasonably informative, and are based on knowledge on metabolic pathways as well as results from studies on single bacterial strains in vitro. Growth on NSP is less well-understood than on starch, and the priors are suitably weaker. It is assumed that the variation within experiments σ 2 abc (see Walker et al., 2005, Table 2 and 3) and variation between experiments Σ are known, based on data from a repeated experiment with bacteria seeded by a second human donor. Web Appendix D gives details for parameter values and a sensitivity analysis for Σ; additional implementation details are Web Appendix E.
In practice, it is not easy to choose a suitably simple model and set of parameters for inference. The current model was obtained after an iterative process of model simplification and testing, using a similar analysis to Figure 3 , by comparing MCMC posterior distributions. This involved close collaboration between modellers and microbiologists to ensure that the main characteristics of the microbial processes were still represented in the model. Convergence was satisfactory and the results are summarised in Figure  4 . The growth rate on starch in acidic conditions of the AcProd group differed strongly from our prior, indicating that the AcProd group is indeed diverse and the composition at different pH changes. Additionally, the production of Acetate by the Bac group did not meet our prior expectation based on efficient conversion and therefore our prior needs to account for inefficiency.
The posterior prediction for the growth curves is given by Figure 5 . This model is a simple attempt to describe bacterial ecology in an inference setting and therefore should be considered cautiously; particularly, not all bacterial data points are simultaneously satisfied by the model predictions, perhaps implying that some important feature is omitted from the model.
Biological interpretation of our results must be cautious as the model is simple and the prior used is strong. Despite this, our findings are biologically plausible. The inefficiency levels show that a higher level of cell maintenance is necessary for both Bacteroides and other Acetate Producers under acidic conditions. Rrec utilisation of Acetate appears to come at an efficiency cost for use of substrate, as energy is required to do this. However, it may be necessary to model the metabolic pathways in more detail to generalise to Acetate-poor conditions. Under starvation conditions Bac outperforms the other groups as shown from its Michaelis-Menten factor. Rrec finds Acetate difficult to obtain at low densities which is probably due to SCFA being free in the medium whereas cells can adhere to substrate (and therefore the Michaelis-Menten factor for substrate is smaller). As expected, the maximum growth rate for Bacteroides is lower at high pH, and it does not appear to grow on NSP. This may be due to phenotypic plasticity allowing specialisation to the more abundant starch.
The continuous fermentor environment provides a highly simplified experimental model of the human gut. One of these simplifications is that absorption of metabolites is not allowed for. In our mathematical model formulation, however, it is easy to relax this assumption and Table 2 shows what happens to the SCFA and bacteria when the fractional absorption rate R k ∼ Normal(0.72, 0.072
2 )g/d, a realistic value representing high SCFA concentrations (Jr. et al., 1977) with 10% uncertainty. Fecal Butyrate and Rrec are significantly reduced at all pH values. Similarly, we can run our model under 'high fibre' conditions with input consisting of 5.0g/d starch (i.e. 0.6g/d less), 2.4g/d NSP (i.e. 0.6g/d more) and flow rate of 1 turnover in 18 hours (compared to 1 turnover per 24 hours). This allows us to compare the host absorption of SCFA: Acetate decreases from 1.24g/d (95% confidence interval, CI = 0.98−1.66) by a factor of 0.53 (95% CI = 0.41 − 0.72) and Butyrate increases from 0.63g/d (95% CI = 0.37 − 0.93) by a factor of 1.68 (95% CI = 1.26 − 2.72). Although these findings should be interpreted with caution, the results clearly show how absorption of metabolites results in a bacterial shift in favour of Acetate Producers which comes at the cost of Bacteroides. A high fibre diet results in increased Butyrate and decreased Acetate absorption for the human host.
As an additional check we have performed maximum aposteriori (MAP) estimation from starting conditions sampled from the prior using standard numerical maximisation techniques, which confirms that our estimate is indeed a local maxima (See Figure 4) . Additionally we performed a sensitivity analysis using the MAP procedure on the variation within experiments Σ as this is not well known. The MAP estimates change by less than 1% when the magnitude of Σ is scaled by a factor of 2 each way (Web Appendix D).
Discussion
Despite a limited amount of data, we have shown how integration of knowledge on the underlying model structure in combination with informative prior information on model parameters allows for inference of model parameters of interest. Like a prior distribution for a set of parameters, the functional form of the model (which forms the summary of our knowledge of the process) should be updated if it does not agree with the data. In this sense, we view our process model as a type of prior, providing restrictions in the parameter space.
Although our model assumptions will likely be quantitatively incorrect, they do allow us to investigate what would happen (in a relative sense) if some of the experimental conditions are relaxed. Relaxations such as allowing for absorption of metabolites are straightforward to incorporate in the mathematical model but are not easily implemented in experimental studies. The approach discussed here therefore provides a potentially powerful tool for microbiologists to explore such 'what if' scenarios. Our predictions are consistent with observations of human colons, adding to the validity of using experimental fermentors and theoretical models to understand gut bacterial ecology.
Data collection and analysis is an expensive exercise, even for the relatively simple fermentor studies used here. Our findings indicate that more time samples should be analysed for bacterial composition (at present only at start and end of experiment), and replication of fermentors should be considered to allow for inferring a posterior distribution of the variance components.
Bayesian hierarchical modelling of process model parameters is a powerful and under-utilised tool for inference. Our results show that this methodology can describe sparse data with a process model incorporating a large amount of knowledge of the structure of the data. Because we focus on methods that treat the process model as a black box, they are applicable to many other problems. Step 1: inference on data from pH 6.5 experiment.
Step 2: use summary of posterior from
Step 1 as prior for inference on data from pH 5. 
